Abstract-This letter addresses the problem of target localization in a 3-D space, utilizing combined measurements of received signal strength and angle of arrival (AoA). By using the spherical coordinate conversion and available AoA observations to establish new relationships between the measurements and the unknown target location, we derive a simple closed-form solution method. We then show that the proposed method has straightforward adaptation to the case where the target's transmit power is also not known. Simulation results validate the outstanding performance of the proposed method.
In [15] , a weighted linear LS (WLLS) estimator that uses an unbiased constant and the noise covariance was proposed.
All of the above methods are either designed for 2-D scenarios only [9] , [10] , [12] , or extremely low noise power [11] , or employ more sophisticated mathematical tools that lead to a significant increase in the computational complexity [12] [13] [14] .
In this letter, we propose a novel target localization algorithm for 3-D space that merges RSS and AoA observations. By shifting from Cartesian to spherical coordinates and taking advantage of the acquired AoA measurements, we build new relationships between the measurements and the unknown target location, which results in a simple and closed-form solution. In contrast to the existing methods, the proposed one does not require further relaxations (which enlarge the set of possible solutions). The new method is computationally light and our numerical results show that it provides excellent accuracy, surpassing the state-of-the-art methods in general.
II. PROBLEM FORMULATION Let x ∈ R 3 be the unknown location of the target and a i ∈ R 3 , for i = 1, . . . , N, be the known location of the i-th anchor. In order to determine the target's location, a hybrid system that combines range and angle measurements is employed, see Fig. 1 . In Fig. 1 
T represent the coordinates of the target and the i-th anchor, respectively, while d i , φ i and α i denote respectively the distance, azimuth angle and elevation angle between the target and the i-th anchor.
Here, we assume that the distance is drawn from the RSS information exclusively, since ranging based on RSS does not require additional hardware [16] . The RSS between the target and the i-th anchor, P i , is defined as [17, Ch. 3 ]
where P 0 (dBm) is the reference power at a distance between the target and the i-th anchor, and
) is the log-normal shadowing term modeled as zero-mean Gaussian random variable with variance σ 2 n i . Note that P 0 is dependent on the transmit power, P T , [16] , [17] .
The AoA measurements can be obtained by installing directional antenna or antenna array, or video cameras at anchors [8] . Thus, by applying simple geometry, azimuth and elevation angle measurements are modeled respectively as [8] :
where
) are the measurement errors of azimuth and elevation angles, respectively.
Given the observation vector
, and Gaussian noise assumption, the probability density function is given as:
The ML estimate of the unknown location,x, is obtained by maximizing the log (4) with respect to x [18, Ch. 7] , as:
The ML estimator in (5) is non-convex and has no closed-form solution. In Section III, we show how to approximate (5) by another estimator whose solution is given in closed-form.
III. THE PROPOSED METHOD Here, we build a different estimator which is a tight representation of (5) and we profit from Cartesian to spherical coordinates conversion to get a remarkably efficient solution. First, from (1), (2) and (3) we can respectively write:
By switching to spherical coordinates, we can express x − a i = r i u i : r i ≥ 0, u i = 1, for i = 1, . . . , N. The unit vector, u i , can be obtained by employing the available AoA information as
Apply the described conversion in (6) and (8) , and multiply with u T i u i , to respectively get:
where the symbol ⇔ stands for equivalence. 
A. The Proposed Method for Known Transmit Power
In order to give more importance to nearby links, we introduce weights, w = [ √ w i ], where each w i is defined as
being the ML estimate of the distance obtained from (1) . The reason for defining the weights in this manner is because both RSS and AoA short-range measurements are trusted more than long ones. The RSS measurements have constant multiplicative factor with range [16] , which results in a greater error for remote links in comparison with the nearby ones. The justification for using the weights in AoA measurements is based on Fig. 2 , where an anchor and two targets, x 1 and x 2 , are placed unequally distant from the anchor along the same line. φ i andφ i represent respectively the true and the measured azimuth angle between the anchor and the two targets. According to the available information, the location estimates of the two targets are at pointsx 1 and x 2 . However, from Fig. 2 , we can see that the estimated location of the target physically closer to the anchor (x 1 ) is much closer to its true location than the one further away.
According to the WLS criterion and (9), (7), (10) and (11), we obtain the following estimator:
The above WLS can be written in equivalent form as:
where W = I 3 ⊗ diag(w), with ⊗ denoting the Kronecker product, and
The closed-form solution to (13) is readily found as:
We label (14) as "WLS1" in the remaining text.
B. The Proposed Method for Unknown Transmit Power
Often in practice, testing and calibration of the network are not the priority in order to keep low implementation costs [16] . Thus, it is of interest to investigate the case where the target's transmit power is not calibrated, i.e., not known. Not knowing P T corresponds to not knowing P 0 in (1).
Similar as in Section III-A, we introduce weights w = [ √ w i ], such that
From the WLS principle and (9), (7), (10) and (15), we get:
which can be rewritten as:
where W = I 3 ⊗ diag( w), and
The solution to (17) is given by:
We will refer to (18) as "WLS2" in the further text.
IV. COMPLEXITY ANALYSIS Assuming that K is the maximum number of steps in the bisection procedure used in [14] , Table I provides an overview of the considered algorithms together with their worst case computational complexities. Table I shows that the computational complexity of all methods depends mainly on the network size, i.e., the number of anchors. This property is a characteristic of centralized algorithms [14] , where all information is conveyed to a central processor. From Table I , we can see that the computational complexity of the proposed methods is linear in N. 
V. PERFORMANCE RESULTS This section verifies the performance of the proposed algorithm through computer simulations. The radio measurements were generated by using (1), (2) and (3). All sensors were deployed randomly inside a box with an edge length B = 15 m in each Monte Carlo (M c ) run. The reference distance is set to d 0 = 1 m, the reference power to P 0 = −10 dBm, and the PLE was fixed to γ = 2.5. However, to account for a realistic measurement model mismatch and test the robustness of the new algorithms to imperfect knowledge of the PLE, the true PLE was drawn from a uniform distribution on an interval [14] , K = 30 is used. The performance metric used here is the root mean square error (RMSE), defined as
, where x i denotes the estimate of the true target location, x i , in the i-th M c run. Fig. 3 illustrates the RMSE versus N comparison. It shows that all methods benefit from additional information introduced by increasing N. Although computationally extremely light, the new method exhibits superior performance for all N, as well as the robustness to not knowing P T . It is important to note that in Fig. 3 the noise powers were set to a relatively high value, and that for such a setting our method behaves exceptionally well. Also, in huge contrast to the proposed approach, the WLLS in [15] assumes that the noise power is perfectly known, which might not stand in practice. To test the dependency of WLLS on this information, in Fig. 3 , we also present the results for WLLS when the assumed noise power of the azimuth angle,σ m i , is fixed to a value that does not correspond to the true one. It can be seen that the performance of the WLLS degrades severely for this setting.
In Figs 
respectively, for N = 4. From these figures, one can observe that the performance of all methods impairs as the quality of a certain measurement drops, as expected. However, not all measurements have equal impact on the performance of the considered methods. For example, the quality of the RSS measurement has very little influence on the proposed method, while the quality of AoA measurements have greater impact on its performance. This behaviour is not completely surprising, since the new method relies more on the quality of angle measurements than range ones in its derivation. Nevertheless, the performance deterioration is moderate for such a wide span of noise power, and the new method outperforms significantly the existing ones in general.
VI. CONCLUSION
In this letter, we have presented a novel RSS/AoA localization algorithm for both known and unknown P T . Based on Cartesian to spherical coordinates conversion, we have established new relationships between the measurements and the unknown target location. Unlike most of the existing algorithms, the new one has a closed-form solution. The simulation results confirm the effectiveness of our algorithm, providing fast and accurate solution, and outperforming the existing ones in general.
